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Abstract 
Let N denote the set of positive integers and Z denote all integers. The (integral) sum graph of 
a finite subset S c N(Z)  is the graph (S, E) with uv e E if and only if u + v e S. A graph G is said 
to be an (integral) sum graph if it is isomorphic to the (integral) sum graph of some S ~ N(Z). 
The (integral) sum number of a given graph G is the smallest number of isolated nodes which 
when added to G result in an (integral) sum graph. 
We show that the integral sum number of a complete graph with n 1> 4 nodes equals 2n - 3, 
which proves a conjecture of Harary. And we disprove another conjecture of Harary by 
showing that there are infinitely many trees which are not caterpillars but are integral sum 
graphs. 
1. Introduction 
A variety of research (see [4]) has been done on sum graphs since Harary  [3] 
introduced this concept in 1989. Let N denote the set of posit ive integers. The sum 
graph G +(S) of a finite subset S c N is the graph (S, E) with uv e E if and only if 
u + v e S. A graph G is said to be a sum graph if it is isomorphic  to the sum graph of 
some S c N. The sum number  tr(G) is the smallest nonnegative m such that G~mK1,  
the union of G and m isolated nodes, is a sum graph. Recently, Harary  [4] introduced 
and investigated sum graphs over all the integers which are called integral sum graphs. 
The integral sum graph G/+ (S) is defined just as the sum graph, the difference being 
that S c Z (the set of all integers) instead of S c N. A graph G is said to be an integral 
sum graph if it is isomorphic  to the integral sum graph of some S c Z. (And we say 
that S gives an integral sum labell ing for G.) Analogously,  the integral sum number 
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((G) is the smallest nonnegative m such that GwmK1 is an integral sum graph. It is 
obvious that ((G) ~< a(G) for any graph G. Harary [4] found that the complete graph 
K 4 satisfies the graph equation ((G) = a(G) and then raised the following: 
Conjecture 1. ~(K.) = a(K.) for all n ~> 4. 
This conjecture is essentially that it is no more efficient using Z than N for labeling 
complete graphs as sum graphs. In the same paper, Harary proved that any path 
P has ((P) = 0 and pointed out that ( (T)  = 0 or 1 for any tree T due to a recent result 
of Ellingham [2]. Some observations then led Harary to raise another conjecture as 
follows, which is related to caterpillars. Recall that a caterpillar is a tree in which the 
removal of all end-nodes results in a path. 
Conjecture 2. Every tree T with ( (T)  = 0 is a caterpillar. 
In this paper we shall prove Conjecture 1 and disprove Conjecture 2. Note that in 
[1] it was shown that a(K,) = 2n - 3 for n/> 4. So the first conjecture can also be 
stated as ((K,) = 2n - 3 for n ~> 4. 
2. Main results 
Theorem 1. ((K,) = 2n - 3 for all n >>- 4. 
The following observation is simple but useful to our proof. Let kS = {ka: a ~ S} for 
any nonzero integer k. 
Then 
~? (kS) ~ ~? (S). 
In other words, if S gives an integral sum labeling for a graph G, then kS also gives 
an integral sum labeling for G. 
The proof of Theorem 1 now follows. 
Proof of Theorem 1. Note that Harary already gave ((K¢) = 5 (without proof) in [4]. 
We may assume n > 4 in the proof. It is known that ((K,) ~< a(K,). By Theorem 1 in 
[1], a(K,) = 2n - 3. So we only need to show ((K~) ~> 2n - 3 for n > 4. 
Let n > 4 and ((K,) = m, Then there exists S c Z such that S gives an integral sum 
labeling for K, umK1. In this labeling, let A = {al, a2 . . . . .  a,_l,a,} be the set of 
numbers assigned to the nodes of K,, where al < a2 < ... < a,_ 1 < a,. Then it is easy 
to see the following: 
Fact 1. a i + ai~S for any distinct i , j~{1, 2 . . . .  ,n}; 
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Fact  2. I f  x E S and x + at ~ S for  some a~ ~ A, then x ~ A. 
(F rom now on, the letters i and j are always used to denote positive integers not 
exceeding n.) 
Since n > 4, without loss of general ity we may assume that a, > 0 and a,_ 1 > 0. 
(Otherwise, we only need to consider another integral sum labeling for K,umK~ by 
using the set ( - 1)S instead of S.) Then, by Fact  1 and the inequal ity a, + a, 1 > a,, 
we havea ,+a,  ~eS- -A .  So, m=lS- -A l>/1 .  I t fo l lowsthatx :~0foranyx~S.  
Then we may assume at < 0. (Otherwise, all numbers in A must be positive. We then 
immediately get the desired result ~(K,) = a(K,).) Now we may further assume that 
there are at least three posit ive numbers in A. (Otherwise, since n ~> 5, we only need to 
consider another  integral sum labeling for K,wmK1 by using ( - 1)S instead of S.) 
Thus we have a,_ 2 > 0 and a, + a,_ 2 > an. It follows that a, + a,_ 2 ~: S - -  A. Thus, 
we have a, +a ieS  - A for i = n -- 2, n -- 1. 
Now we show that a, + ai6 S - A for all i = 1, 2, . . . ,  n - 1. 
By contradict ion.  If not, then there is an i < n - 2 such that a, + ai = aj for some 
j ~< n. It is clear that j  :~ n since x ¢ 0 for any x in S. So we may distinguish two cases 
as follows. 
Case 1: j = n - 1. By Fact  1, a, + a , -2~S and (a, + an-z) + ai = aj + a, 2~S. 
Then by Fact  2, we have a, + a._  2 E A ,  which is a contradict ion. 
Case 2: j<n-  1. By Fact  1, a ,+a,  1ES and (a ,+a,_ l )+a i=a j+a,  ~6S. 
Then by Fact  2, we have a, + a,_ 1 ~ A, which is also a contradict ion. 
Thus, we have shown that a, + a~ ~ S - A for all i = 1, 2 . . . . .  n - 1. 
Next we show that ax + a jES - A for a l l j  = 2,3 . . . . .  n - 1. 
We also use contradict ion.  If not, then there i s j  < n such that al + aj = a~ for some 
i~<n. Since, al  <0,  we have a t<a j  so that i< j<n.  By Fact  1, a ,+a~S 
and (a, +a l )+a j=a,  + a~S.  Then by Fact  2, we have a, +a~6A,  which is a 
contradict ion.  
F rom the above, we have obtained 2n-  3 numbers in S -  A. These 2n-  3 
numbers are distinct since 
an-~-an_  I "~an ' - l - -an_2> ... >an- [ -a l>an_ l -~-a l  > . . .  > a2  -]- a l "  
Therefore, ~(K,) = [S - A] ~> 2n -- 3. 
It completes the proof  of Theorem 1. [ ]  
Now we shall disprove Conjecture 2 by showing the following result. 
Theorem 2. There are infinitely man3, integral sum trees which are not caterpillars. 
Proof. Consider  the sequence (a.).~l defined by 
a l= l ,  a2=2 and a.=a._~+a._2  fo rn>/3 .  
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For  n ~> 6, consider a tree T of n + 3 vertices and an integral abe l ing f  as follows: 
V(T)  = {vl, v2, ... ,v.+3}, 
E(T)  = {vivi+ 1:1 <. i <~ n}w{v3v .+ 2, v.+ 2v.+3}; 
f (v i )  = ai fo r l~<i~<n,  
f (v .+ 1) = 3 - a., 
f (v .  + z) = - a., 
f(v.+3) = a .+l .  
It is easy to see that f is an integral sum labeling of the tree T so that T is an 
integral sum tree which is not a caterpil lar. The verif ication is straightforward and left 
to the reader. 
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